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Summary. Methods of series analysis are used to interpret the results of a
computer enumeration of chemical isomers. It is demonstrated how a typical
asymptotic behavior that controls the number of isomers arises from singular
points of the generating function. The approach is tested on the examples of
the isomers of alkanes, alkenes, alkyl radicals and polyenes.

Key words: Enumeration of chemical isomers — Generating function —
Series analysis

1. Introduction

Even if the problem of enumeration of chemical isomers has been solved for
particular structures (such as alkanes) a long time ago [1], the analytical
formulas for the number of chemical isomers are still unknown in general. This
means that we have to resort to computer simulations in order to count chemical
structures. With the advent of fast computers, those simulations became increas-
ingly popular [2, 3]. However, the methods of interpretation of the resulting data
have remained to be elaborated. A successful interpretation would yield asymp-
totic formulas for the number of structures and, if one is fortunate enough, exact
analytical expressions.

The chemical literature seems to be lacking such interpretations, the investi-
gation by Gutman [4] being the only exception. In the present paper we show
how the data on isomer enumeration can be analyzed by methods that are widely
used by physicists in the lattice statistics.
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2. Theory

Let n be an index associated with the chemical structures under investigation. It
can be the number of carbon atoms or benzene rings, the length of a perimeter
of a benzenoid hydrocarbon, etc. We will denote the number of chemical isomers
pertinent to the index #» by M(n). The generating function is given by a formal
series:

N(x) = i M(k)x*. (D
k=1

We note that usually M(k + 1) > M(k) and therefore the series (1) has a finite
radius of convergence. This means that the generating function possesses at least
one singular point.

The simplest case of the singularity is a regular singular point with the -
asymptotics:

N(x) = (x —x)% as x —x,. 2

We call x, the critical point of N(x) and (. the critical exponent. The singular
point (2) gives rise to the asymptotic behavior of the coefficients M(n):

M@mn) - (1/x)"'n=C D asn-ow0. 3

This kind of asymptotics, which is dominated by the critical point that has the
smallest absolute value, is very often observed in practice [1]. The critical
exponent is usually a rational number.

To illustrate the above points, we quote here the results by Harary and Read
[5]. The number of catacondensed benzenoid hydrocarbons (both planar and
non-planar), where the index » is the number of benzene rings, has the associated
generating function that reads:

Ny(x) = (24x%) 7112 + 24x — 48x? — 24x3 + (1 — x)¥3(1 — 5x)°
C 334 50(1— x)2(1 — 5x2)12 — 4(1 — x3)2(1— 5x) 7). (4)

The critical point with the smallest absolute value is x, = 0.2 and the correspond-
ing critical exponent is {, = 3/2. Thus, we can expect the asymptotics:

M, (n) - 5"n=532, (5)

The same result has been obtained previously after somehow lengthy algebraic
manipulations [4, 5].

Our goal is to extract the unbiased values of x, and {, from a limited number
of known coefficients, M(n). The mathematical machinery required for this task
is well known and widely used in lattice statistics [6]. One particular method is
known under the names of the recurrence relations approach [7], the differential
Padé approximants [8] or the Gaunt—Gammel approximants [9]. The formalism
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seems to be largely unknown to the chemical community. Therefore we recollect
its basic points here, following the paper by Guttmann and Joyce [7].

We assume that we know &k + 1 consecutive coefficients of the series (1):
{M(ny), . .., M(ny+k)}. We will use the abbreviation:

¢ =Mm+i), i=0,... k. (6)

First, we fit these coeflicients to an (m + 1) term recurrence relation of the form:
Fo(x) =3 [4;2(j =D+ 4,(j — i) + 4yole; ., =0, (7)
i=0

with A4g,=1, Agp=0 and ¢;=0 for j<0. The unknown coefficients
Aoys Aros Arys Ars o ooy Aoy Aty A, are determined from the set of relations
(6) for j=1,...,3m+ 1. This is simply done by solving a system of 3m + 1
linear equations. The next step is to form two auxiliary polynomials:

00 =x ¥, Ao, ®)
and
R = 3 (A A ©)

Eventually, the critical points are found as the zeros of Q(x) and the correspond-
ing critical exponents are given by

fe=1—R(x)/Q"(x). (10)

Equation (10) follows from Eq. (6) in [7] by virtue of the I'Hopital rule. It should
be pointed out that the recurrence length, m, can assume all values from the
range 1 <m <[(k — 1)/3], where [z] means the integer part of z. In general, the
accuracy of x, and {, improves with increasing n, and m.

3. Examples and discussion

We tested the above formalism on the results of computer enumeration of
alkanes, alkyl radicals, alkenes and polyenes. The computed critical points and
critical exponents are given in Tables 1-4.

It appears that the differential Padé approximants are capable of yielding the
values of x, and {, with at least five-digits accuracy. The convergence is faster for
alkenes and polyenes than for alkanes and alkyl radicals. The asymptotics is
controlled by the critical exponents of 3/2 for the structures built up from
identical fragments (alkanes and polyenes) and 1/2 for the structures that have
one distinct fragment (one double bond in alkenes and one unsaturated carbon
atom in radicals). Interestingly enough, substitution does not change the value of
Xen
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Table 1. Series analysis for alkanes (n is the number of carbon atoms)

m ng =15 n, =20
xC CC xL' CL‘

8 0.35516 1.51021 0.35516 1.51090

9 0.35517 1.50803 0.35518 1.49979
10 0.35518 1.50137 0.35518 1.50067
11 0.35518 1.49824 0.35518 1.50003
12 0.35518 1.49927 0.35518 1.50024
13 0.35518 1.50018 0.35518 1.50000

Table 2. Series analysis for alkyl radicals (# is the number of carbon

atoms)
m ny =15 ny =20
Xe Cc Xe zc

3 0.35537 0.47019 0.35496 0.56315
4 0.35517 0.50466 0.35517 0.50358
5 0.35516 0.50620 0.35518 0.49862
6 0.35518 0.49981 0.35519 0.49731
7 0.35519 0.49770 0.35518 0.49990
8 0.35518 0.50001 0.35518 0.50008

Table 3. Series analysis for alkenes (n is the number of carbon atoms)

m ny=10 ng=15
Xe Cc Xe Cc

4 0.35533 0.46109 0.35512 0.52350
5 0.35516 0.50692 0.35518 0.49984
6 0.35517 0.50378 0.35518 0.50005
7 0.35517 0.50269 0.35518 0.49896
8 0.35518 0.49995

9 0.35518 0.49841

Table 4. Series analysis for polyenes (n is the number of carbon-
carbon double bonds)

m ny,=10 ny=15
xC CC xC CC

4 0.20938 1.40488 0.20915 1.50395
5 0.20912 1.51772 0.20928 1.41893
6 0.20909 1.54242 0.20916 1.49780
7 0.20915 1.50076 0.20915 1.49996
8 0.20915 1.49994

9 0.20915 1.49999
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Once the value of critical exponent is deduced, one can obtain an extra

accuracy in the critical point by using biased estimates for x, [6]. If one assumes
that x, is a root of some simple function, this can be a first step in reconstruction
of N(n) from the computer-generated data. This can be very useful for further
studies on the problem of enumeration of chemical structures.
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